We suggest a novel approach to explain the physics of bound photonic states embedded into the radiation continuum. We study dielectric metasurfaces composed of planar periodic arrays of Mie-resonant nanoparticles ("meta-atoms") which support both symmetry protected and accidental bound states in the continuum, and employ the multipole decomposition approach to reveal the physical mechanism of the formation of such nonradiating states in terms of multipolar modes generated by isolated meta-atoms. Based on the symmetry of the vector spherical harmonics, we identify the conditions for the existence of bound states in the continuum originating from the symmetries of both the lattice and the unit cell. Using this formalism we predict that metasurfaces with strongly suppressed spatial dispersion can support the bound states in the continuum with the wavevectors forming a line in the reciprocal space. Our results provide a new way for designing high-quality resonant photonic systems based on the physics of bound states in the continuum.
I. INTRODUCTION
The quest for compact photonic systems with high quality factor (Q factor) modes led to the rapid development of optical bound states in the continuum (BICs). BICs are non-radiating states, characterized by the resonant frequencies embedded to the continuum spectrum of radiating modes of the surrounding space [1, 2] . The BICs first appeared as a mathematical curiosity in quantum mechanics [3] . The discovery of BICs in optics immediately attracted broad attention (see, e.g., Refs. [4] [5] [6] ) due to high potential in applications in communications [7, 8] , lasing [9] [10] [11] [12] , filtering [13] , and sensing [14] [15] [16] . Recent achievements in the field of BIC are discussed in Refs. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Decoupling of the resonant mode from the radiative spectrum, which is the basic idea behind the BIC, can be interpreted in several equivalent ways. Within the coupled-mode theory, it corresponds to nullifying the coupling coefficient between the resonant mode and all radiation channels of the surrounding space [27] . Alternatively, the appearance of BICs is explained as vanishing of Fourier coefficients corresponding to open diffraction channels due to the symmetry of the photonic structure. At the particular high-symmetry points of the reciprocal space, for example, at the Γ point, the continuous spectrum is divided into the modes of different symmetry classes with respect to the reflectional and rotational symmetry of the photonic system. The bound states of one symmetry class can be found embedded in the continuum of another symmetry class, and their coupling is forbidden as long as the symmetry is preserved. Such kind of BIC is called symmetry-protected, and they also allow interpretation in terms of topological charges defined by the number of times the polarization vectors winds around the BICs presented as vortex centers in the polarization field [28] . In contrast to the symmetryprotected BIC, the so-called accidental BICs [1, [28] [29] [30] [31] can be observed out of the Γ-point due to an accidental nulling of the Fourier (coupling) coefficients via fine tuning of parameters of the photonic system. Such a mechanism is also known as Friedrich-Wintgen scenario [32] .
Despite the number of existing approaches to understand the nature of BICs, there is still a room for further development of the theory. During the previous few years the electromagnetic multipole theory [33] has been extensively developed as a natural tool of nanophotonics dealing with the lowest (fundamental) resonances of the system. The main advantage of the multipole decomposition method (MDM) is that it provides a representation of an arbitrary field distribution as a superposition of the fields created by a set of multipoles [34, 35] . Namely, the multipole expansion has been widely used to determine the polarization and directivity patterns of the scattered field of single particles and their clusters both plasmonic and dielectric [34, 36] for a variety of applications such as polarization control device [35] , dielectric nanoantenna [37] , light demultiplexing [38] , and others. A number of novel optical phenomena have been explained within the MDM such as anapole effect [39, 40] , optomechanical phenomena [41, 42] , and Kerker effect [43, 44] .
In this work, we extend the MDM approach for explaining both symmetry protected and accidental BICs. We provide a theory of BICs origin in terms of MDM for a general case of any periodic structure and develop an analytical method, which determines the contribution of the vector spherical harmonics to the far field (Section II). Working in the vector spherical harmonics (VSH) basis, we take the advantage of the internal symmetry and provide the group-symmetry approach to identifying the BIC formation in terms of the unit cell and lattice symmetries (Section III). We implement field multipole expansion of the eigenmodes of a periodic two-dimensional (2D) photonic structure supporting BIC. We illustrate the developed technique by considering a 2D square array of spheres and extending it to the case of a photonic crystal slab with a 2D array of cylindrical holes (Section IV). The developed approach can be easily extended even further to periodic structures with other types of the unit cell and other lattice symmetries. The proposed method both provides a deeper understanding of the photonic BIC physics and gives a tool for an effective designing of high-Q resonant photonic systems.
II. MULTIPOLAR APPROACH
In this section we consider the modes of a twodimensional periodic array of dielectric nanoparticles with arbitrary shape (see Fig. 1 ). and obtain an expression connecting the multipolar content of the field inside and outside the nanoparticles. We denote the VSH as M prmn (k, r) (magnetic) and N prmn (k, r) (electric) relying on the definition presented in Ref. 45 . We introduce an additional notation W piprmn , for the both types of VSHs, where inversion parity index p i = (−1) n+1 for M prmn (k, r), and p i = (−1) n for N prmn (k, r). Index n is the multipole order, m is from 0 to n, and p r = 1 if W piprmn is even under reflection from y = 0 plane (ϕ → −ϕ in the spherical system), and p r = −1 if it is odd [46] .
In homogeneous medium with permittivity ε, any solution of the Helmholtz equation with wavevector k = √ ε ω c can be expanded in terms of these functions [47] . The field inside the medium of j-th cell of the array E in can be written in terms of multipolar decomposition:
c is the wavevector in the material, the superscript (1) stands for spherical Bessel functions in the radial part of the VSH, k b is the Bloch vector, r = r−r j , and r j is the position of a single sphere (see Fig. 1 ). D piprmn are the coefficients of the multipolar decomposition, which will be discussed in Section III. In similar manner, the field outside the array is expressed as follows (see Appendix B):
Here K is the reciprocal lattice vector,
is the volume of the first Brillouin zone. The spherical vector functions Y(n) depend on the spherical coordinates of a unity vector n and they are given in the Appendix A. Their symmetry coincides with the symmetry of W-function with the identical indices. The relation between D andD is discussed in Appendix C, and for the case of an array of spherical particles, coefficientsD can be derived analytically.
The summation in Eq. (2) over the reciprocal vectors corresponding to open diffraction channels, i.e. the terms with real k z , provides the contribution into the far field. The BIC appears at the frequencies below the diffraction limit, thus, only the zero-order term with K = 0 gives non-zero contribution to the far field:
where k 1|| = k b , and k 1z = ± k 2 1 − k 2 b . According to Eq. (3), the contribution of the multipole with numbers p i , p r , m, n into the far field in the direction defined by the wave vector k 1 is proportional to the multipole expansion coefficientD and the value of spherical vector function Y in the given direction. The Eq. (3) provides the correspondence between the radiation pattern of a single unit cell and the far-field properties of the whole infinite array allowing for interpreting the BIC in terms of MDM. In strong contrast to a single nanoparticle, where each multipole contributes to the far field, in case of a subdiffractive array there might be direction, where non of the multipole gives any contribution, or alternatively the non-zero contribution of different terms may eventually sum up to zero. The formulated alternative gives a sharp distinction between the symmetry protected and accidental BIC.
At-Γ-point BIC. The Γ-point BIC corresponds to the absence of the far-field radiation in the direction along the z-axis. Due to the structure of VSH, it appears that a number of multipoles do not radiate in the vertical direction along the z-axis. If the field inside a single unit cell consists only of such multipoles, there will be no total radiation in z-direction. This simple fact is illustrated in the upper panel in Fig. 1(b) . Noticing that only Y pipr1n functions with m=1 are non-zero in parallel to the z−axis direction, we can conclude that at the Γ-point in the subdiffractive array all the modes which do not contain the harmonics with m = 1 are symmetry-protected BICs. This fundamental conclusion lies in the basis of recent experimental demonstration [9] of lasing with BIC in a 2D subdiffractive array of nanoparticles. The particular operational mode consisted of vertical dipoles oriented along the z-axis, thus, not contributing into the only open channel. There exist an approach [1, 28] that the eigenmodes at the Γ-point can radiate in the normal direction z if their fields are odd under C z 2 rotations, and do not have any other rotational symmetry of C z n -type. In terms of multipole moments, this follows from the fact that at the Γ-point any radiative mode should contain multipoles with m = 1. On the other hand, in virtue of the symmetry, the even modes have zero radiation losses, i.e. infinite radiation quality factor, which are known as symmetry-protected BICs.
Off-Γ BIC. Let us now turn to the case of accidental BIC description. In general case, coefficients D are complex numbers. They define the amplitudes and phase delay between the multipoles. However, in accordance with [29] , if the structure has time reversal and inversion symmetry, the eigenmodes must satisfy the condition E(r) = E * (−r). This fact imposes strict conditions on the multipoles' phases, because some of them are even under inversion and some of them are odd, the coefficient D −1prmn before the odd ones must be imaginary. It follows that every term of the sum in Eq. (3) is purely real, and all multipoles are in-phase or anti-phase. All coefficients depend on k-vector and structure's parameters and in a case of the off-Γ BICs this sum turns to zero. In other words, for the particular k 1 all vector harmonics add up to zero in the direction of k 1 , analogously to the anti-Kerker effect, because they are already in phase and only amplitudes are modulated while k-vector is changed [ Fig. 1(b proach.
III. SYMMETRY APPROACH
The group-theoretic approach is a powerful method which is widely used for analyzing the properties of periodic photonic system [30, [48] [49] [50] [51] . In this section, we apply this method to reveal which of the coefficients D piprmn are non-zero in accordance with the mode symmetry imposed by the symmetry of the periodic structure [52, 53] and to explain the formation of BIC. To make further analysis more illustrative we will provide it by the example of a square periodic array of dielectric spheres shown in the inset in Fig. 2(a) . Nevertheless, it is necessary to highlight that further considerations remain true for any kind of structures with square lattice with the point group symmetry D 4h . Figure 2 (a) shows the dispersion of eigenmodes along the ΓX direction for a square periodic array of dielectric spheres with permittivity ε 2 = 12 embedded in the air with permittivity ε 1 = 1. The dispersion is calculated numerically using COMSOL Multiphysics package. The radius of the spheres is a = 100 nm and the period of the array is d = 600 nm. By the analogy with a dielectric slab waveguide, the eigenmodes of the 2D array are split into transverse electric (TE) and transverse magnetic modes (TM), which have mainly the z-component of magnetic and electric field, correspondingly. Figure 2(b) shows the dependence of the Q-factor on the Bloch wavenumber k x for the modes, which are BICs at the Γ-point. One can see that additionally to Γ-BIC, T M 3 mode turns into off-BIC in the middle of the Brillouin band (accidental BIC).
The eigenmodes of periodic structures have certain symmetry in accordance with the fact that every mode is transformed by an irreducible representation of the structure's symmetry group [54, 55] . While Bloch functions are already the basis functions of the translation group irreducible representation labeled by k b , under point group operations the basis functions with different k b transform through each other. They carry high-dimensional representations of the space group. We are interested in the multipolar content of the mode with particular k b , so we look at the point group of k b , i.e. the subgroup of the whole point group, which transforms the k b into an equivalent. Γ-point. At the Γ-point, the group of k b is the whole group D 4h , k b = 0 and it is not transformed. At ΓX-valleys the point group of k b is C 2v , which consists of π-rotation around the x-or y-axis and two plane reflections at z = 0 and at y = 0 or x = 0. These operations keep vector k b invariant. Analogously, in the ΓM -valley the group is also C 2v . Solutions with particular k b are transformed by one of the k b -group irreducible representations. Thus, since the solution is transformed as a basis function of some particular representation, the multipolar content is strictly limited. Namely, all the multipoles with non-zero contribution must be transformed by the similar irreducible representation of the k b -group. For example, we consider the TE 1 mode of the square array, which is transformed by A 2g at the Γ-point. Under the transformations of D 4h group the only low-order multipoles transformed by A 2g are magnetic dipole M −101 , magnetic octupole M −103 , and electric hexadecapole N −144 . All of them are invariant under C 4 rotations, even under inversion and z = 0-plane reflection and odd under other D 4h transformations. Higherorder multipoles which behave in the same way are also presented in the multipolar content of this mode.
Analogously, we classify all possible multipoles at the Γ-point in accordance with their symmetry and provide the tables with multipolar content of the modes (Tables I  and II) . Note, that TE 2 and TE 3 modes degenerate, and they transform through each other as two basis functions of the representation E u .
ΓX valley. Now we consider A 2g -TE 1 mode and A 1u -TM 3 mode when we move to the ΓX valley. Using the compatibility relations [51] , we obtain that the mode which behaves as A 2g at the Γ-point is transformed under B 2 representation of the group C 2v in the ΓX valley. The TM-mode, which is A 1u at the Γ, is transformed under B 1 in ΓX. That means that after the symmetry reduction when we step out the Γ-point into ΓX valley, some symmetry operations remain, e.g. mirror reflections in z = 0 and y = 0 planes and rotation by π around the x-axis. Eigenmodes must behave in the same way under these symmetry operations, as in the Γ-point.
If we have A 2g mode at the Γ-point, which is odd under reflection in the y = 0 plane and π-rotation around x and even under reflection in z = 0 plane, the only possible multipoles in ΓX valley should have the same properties. For the A 1u mode the possible multipoles in the ΓX valley must be odd under reflection in the z = 0 plane and π-rotation and even under reflection in the x = 0 plane. Low-order possible multipoles in the ΓX valley are listed at the right column of Table I . Analogously, for the ΓM valley we have specific symmetry in the x = y or x = −y direction and possible multipoles are the same as those which are transformed by the same representation in ΓX valley, but rotated by π/4 with help of Wigner D-matrixes [56, 57] .
IV. MULTIPOLAR COMPOSITION OF THE EIGENMODES IN PERIODIC STRUCTURES

A. Periodic arrays of dielectric spheres
In order to understand how the interference of the multipole moments forms the BICs, we applied a method of multipole decomposition by expanding the eigenmodes fields inside the nanoparticles in terms of spherical harmonics [33, 34] . Figure 3 shows the numerical results for the multipole decomposition for TE 1 , TE 4 , and TM 4 modes at the Γ-point and in a point of the ΓX-valley. At the high-symmetry Γ-point only a small fraction of all possible multipoles is presented, while after lowering the symmetry extra multipoles appear out of the Γ-point. Figure 4 shows the numerical results for the multipole decomposition for TM 3 modes at the Γ-point, in a point of the ΓX-valley, and at the off-Γ BIC.
At-Γ-BIC. One can see, that for at-Γ TE 1 (A 2g ) BICmode magnetic dipole along the z-axis (M −101 ) is mainly contributed [ Fig. 3(a) ]. Its directivity pattern restricts radiation along the z-axis, and the radiation patterns of all remaining multipoles at the Γ-point are also zero along the z-axis. Other directions of radiation are forbidden due to the subdiffraction regime. Similarly, at-Γ TM 3 (A 1u ) BIC is formed by electric dipole along the z-axis (N 101 ) mostly, prohibiting the radiation in vertical direction itself [ Fig. 4(a) ]. The TE 4 (B 2g ) and TM 4 (B 1u ) modes' lowest multipoles are the electric quadrupole N −122 and the magnetic quadrupole M 122 respectively. They have m = 2, which also prohibits the radiation [Figs. 3(c) and 3(e)]. In contrast to BICs, the radiative modes(E g , E u ) are degenerate at the Γ point since they are transformed by the two-dimensional representations. From the symmetry-group approach, we know that TE 2,3 and TM 1,2 modes contain electric N ±111 and magnetic M ±111 spherical harmonics. The numerical multipole expansion shows that degenerated modes contain in-plane electric or magnetic dipole moments as the main contribution. These numerical results validate the symmetry-group approach for the system with square lattice, confirming that any symmetry-protected BIC is characterized by multipole moments with m = 1.
Off-Γ BIC. Away from the Γ-point other multipoles appear in decomposition [Figs. 3(b) , 3(d), 3(f) and 4(b)] and BIC is destroyed turning into a resonance state. As mentioned earlier in the Section II, the accidental off-Γ BICs is formed due to either in-or anti-phase contributions of different multipoles. We obtain the same result for TM 3 mode with off-Γ BIC in the ΓX-valley [ Fig. 4(c) ]. This mode is transformed by B 1 representation and consist of the multipoles, which are odd under reflection in the z = 0 plane and π-rotation around x-axis and even under y = 0 reflection, eg. iN 101 , N 112 , iN 103 , iN 123 , M 111 , iM 122 , M 113 , M 133 . They sum up into T M -polarized wave in the direction given by vector k 1 and cancel each other in the off-Γ point forming accidental BIC, shown in Fig. 2(b) . In addition to all, it is well known, that the z = 0 plane reflection symmetry of the structure is required to obtain the off-Γ BIC [29] . Indeed, in lack of such symmetry, each mode would contain both odd and even multipoles under reflection in the z = 0 plane. To restrict the radiation both in the upper-and lower half-spaces, odd and even multipoles should be summed up into zero independently, while for the symmetric structure only one type of multipoles is presented for each mode, which makes M122  M113+M133  N101  N112  N103+N123  N114+N134  M111  M122  M113+M133  M124+M144  M124+M144  N101  N112  N103+N123  N114+N134 it possible to achieve the BIC by tuning the structure parameters.
B. Photonic crystal slab
We extend our approach beyond the 2D array of spheres and apply it to the photonic crystal slab of the same symmetry. We consider a dielectric slab with a square array of cylindrical holes studied in [29] . Both at-Γ (symmetry-protected) and off-Γ (accidental) BICs appear in the lowest TM band referred to as TM h . This mode has the field profile of the same symmetry as the TM 4 mode of the array of the spheres and is transformed by B 1u representation.
The description of the far field defined by the Eq. (3) is still valid, but the coefficientsD piprmn in general cannot be expressed analytically through D piprmn (see Appendix C). However, only the multipoles which are presented in the field inside the slab contribute into far field, D piprmn = 0 if D piprmn = 0. The multipolar content for the considered slab is the same as in the periodic array of spheres because the modes of the slab have the same symmetry as the modes of the array. The multipole decomposition of TM h mode [ Fig. 5(a) ] reveals that a magnetic quadrupole M 122 and electric octupole N 123 make the major contribution to the at-Γ BIC, as well as to the TM 4 mode of the array of the spheres. However, the B 1u mode of the photonic crystal slab is the lowest-energy TM mode while for the array of spheres it has the highest energy among modes under diffraction limit. Due to the variational principle [58] , for the mode of such symmetry, the electric field is more concentrated inside the high-index material in case of photonic crystal slab, minimizing the energy of the mode. Although dispersion curves ω(k) of the modes TM 4 and TM h behave completely differently, multipole decomposition proves a common origin of them. At the Γ-point, we obtain contributions of multipoles only with m = 2, 6, 10, etc. for both modes, and none of these multipoles contribute in the far-field. At the ΓX-valley, the multipolar content of the TM 4 and TM h is similar [Figs. 3(e), 3(f), 5(a), 5(b)]. However, for the TM h it is possible to obtain an accidental off-Γ BIC in the ΓX-valley [ Fig. 5(c) ]. Away from the Γ-point, multipole contributions change smoothly keeping the multipolar content invariable, and at a particular wave vector k x multipoles interfere destructively forming the accidental BIC.
V. SUMMARY AND OUTLOOK
Importantly, our approach based on the multipole decomposition analysis of individual meta-atoms not only explains clearly and in simple physical terms the origin of both symmetry protected and accidental bound states in the continuum, but it has also a prediction power and may be employed for both prediction and engineering different types of BICs. As an example, we consider a metasurface consisting of meta-atoms packed in a subwavelength 2D lattice, which are polarized purely as octupoles, for example, N 103 (see Fig. 6 ). Each octupole of this type has a nodal cone and, therefore, we can expect that in a periodic subwavelength array of such metaatoms, BICs form a line in the reciprocal space. However, to observe this phenomenon, the effective polarizability of the unit cell accounting for the interaction between all meta-atoms should not depend on the Bloch wavenumber or have very weak dependence. In other words, the line of BIC could be observed in metasurfaces with suppressed spatial dispersion that is still a challenging problem. It is interesting that such a kind of BIC will be observed for the same directions independently on the lattice symmetry of the metasurface. Thus, the multipole origin of BIC makes a new query for metasurfaces with a suppressed spatial dispersion.
In summary, we have demonstrated that symmetryprotected bound states in the continuum in dielectric metasurfaces at the frequencies below the diffraction limit are associated with the multipole moments of the elementary meta-atoms which do not radiate in the transverse direction. For any type of metasurfaces, the symmetry-protected bound states in the continuum can be observed only if there exist no multipoles with the azimuthal index m = 1 in the multipole decomposition. The symmetry approach allows to determine which multipolar content the lattice eigenmodes have, and it can be analogously applied to the structures with different symmetries, for example, hexagonal lattices or arrays of nanoparticles of an arbitrary shape and in-plane broken symmetry. Similarly, we have revealed that the accidental bound state in the continuum corresponding to an off-Γ point in the reciprocal space are formed due to destructive interference of the multipole fields in the farzone. We have provided the general tools for the analysis of bound states in the continuum based on the irreducible representation of the appropriate photonic band. We believe that our results will provide a new way for designing high-quality resonant photonic systems based on the physics of bound states in the continuum.
